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1. INTRODUCTION 
III a recent paper, Fiirlinger and Hofbauer [4] present a survey and 
unification of the q-analogs of Catalan numbers. In the introduction they 
point out that the Catalan numbers C, most often arise from combinatorial 
problems as solutions of the recurrence 
n-1 
c,= c CkCn-k, c, = 1. (1.1) 
k=l 
There are generally two ways of solving this recurrence: (1) generating 
functions and (2) Lagrange inversion. The closed form of the solution is 
1 2n-2 
C,=- 
n i i n-l 
(I.21 
The authors note that q-analogs of Lagrange inversion have been the 
source of interesting q-analogs of the Catalan numbers. This leaves open 
the question of whether there are other approaches to Catalan numbers 
that lead to interesting q-analogs. 
In particular it should be pointed out that no q-Catalan number con- 
sidered to date has both a simple representation as a finite product like 
(1.2) and fulfills an exact q-analog of (1.1). 
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We shall consider the problem from the hypergeometric series viewpoint. 
Surprisingly we find that if C,(q) = 2q/( 1 + q) and 
(1+4”) n-1 
___ C,(q) = c C,(q) C-,(q) qk, 2 k=l 
(1.3) 
then 
(l-q) 2n-2 
C,(q) = (1 _ q”) L 1 (2q)2” - 1 n-1 kw)n(-4;4)n-,’ (1.4) 
where 
and 
(A;q),=(l-A)(l-Aq)..(l-Aq”-‘), (1.5) 
(4; 4)A 
= (9; q)dq; q)A -B’ 
(1.6) 
In Section 2 we examine the classical Catalan recurrence as a 
hypergeometric series identity, the Chu-Vandermonde summation. This 
approach provides a q-Catalan number %$(A, q) which has not arisen 
previously, and - 22n - ’ %?,J - 1, q) = C,,(q) is the special case given by (1.3) 
and (1.4). In Section 3, we examine the %?,,(A., q) as certain partition 
generating functions, and in Section 4 we provide a combinatorial proof of 
the related Catalan recurrence. We conclude with some open questions and 
some examination of how C,,(q) could have been missed. 
2. CATALAN NUMBERS AND HYPERGEOMETRIC SERIES 
We begin by noting from (1.2) that 
c =I 2n-2 1 2n n n c J n-l =2(2n-1) n ’ c > n > 0. 
Hence we may naturally take 
co= -1. 
This allows us to define the Catalan numbers more succinctly by 
(2.1) 
(2.2) 
co= -;, C,=l, (2.3) 
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and 
f CkC+k=O for rz> 1. 
k=O 
Now immediately from (2.1) we see that 
c =4”-‘(f),,_, -22”-‘(-4)n 
E II n! n! ’ 
where 
(a),,=a(a+ l)...(a+n- 1). 
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(2.4) 
cw 
(2.6) 
Hence 
i ckCnpkk 2 22k-;,-f)k 22’“-;~~(kT,~).-k 
k=O k=O 
p--2(-g 
= n! A[-y-+y] WY ITTP.81) 
=22”-2(-4)n-n+2),* 
n! (-n+;)n (by 13, P. 31, the 
Chu-Vandermonde sum) 
=o for n> 1. (2.7) 
Thus (2.4) (or equivalently (1.1)) has been established by a simple 
application of the Chu-Vandermonde summation. 
As was pointed out in [ 1, Sect. 51, a useful approach to q-analogs is to 
look for the appropriate q-analog of an underlying hypergeometric series 
identity. Since q-analogs of the Chu-Vandermonde sum are well known, it 
is clear that this approach merits consideration. 
3. PARTITIONS WITH PARTS RESTRICTED BY PARITY 
This section is devoted to the partition theoretic aspects of 
THEOREM 1. Let PO (req. P,) denote the set of all partitions of positive 
integers in which the even (resp. odd) parts are not repeated and in the case 
of PO each part is > 1. Let .X’(n) denote the number partitioned by TC; #(TX) 
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denote the total number of parts of TC, and # I(n) denote the number of odd 
parts of rc. Then 
Gg,(n, q) = 1 ;l+l(z)q=(*,, 
7l t P, 
#fn)=n 
(3.2) 
and 
A”q”$?(;l- 1, q) = c A#l(@q=(=). 
n E PO 
#(n)=n 
(3.3) 
ProoJ We see using the standard elementary techniques [2, Chap. 1 ] 
that since 
%?(A 4) = 
q2Yl +iq-‘)(l +Aq)(l +;lqy(l ++q2”--3) 
(1-q2)(1-q4)(1-q6)~~~(1-q2~) ’ (3.4) 
G$(n, q) may be immediately interpreted as the generating function for par- 
titions in which the largest part is 212, even parts may be repeated and odd 
parts (enumerated by the exponent on d) are distinct and lie in the interval 
[ - 1,2n - 31. We exhibit such partitions using a slight variation on P. A. 
MacMahon’s modular partitions [6]. Each even part 2v is represented by a 
row of v twos; each odd part 2v- 1 is represented by a row of v twos with 
a single -1 at the end. Thus 6+6+5+4+4+4+(-l) becomes 
2 2 2 
2 2 2 
2 2-l 
2 2 
2 2 
2 2 
-1 
Now we take these partitions generated in (3.4) and read parts by columns 
instead of rows. There are now exactly n parts. Since the top row is n twos, 
we see that all parts are 3 1. The number of odd parts is the same as before 
and they are still distinct. This is precisely the assertion of (3.2). 
To establish (3.3) we follow up on the above construction by adding a 
top row of ones, and again we read off parts by columns. The parity of all 
parts has been reversed; however, the multiplication by II” and the 
replacement of 1 by 1-l as the first argument of %$ means that the 
exponent on 1 still counts the number of odd parts in the partition. The 
only change is that now the even parts are distinct (since previously the 
odd parts were distinct), and all parts are 22. 1 
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4. THE q--CATALAN REC~JRRENCE 
Following the lead from Section 2, we may easily 
q-Catalan recurrence: 
C ~(n-‘,q)‘ik;,-j(n,q)(-/Zq)‘=O. 
i=o 
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obtain the following 
(4.1) 
First ProoJ 
j=O 
_ql’r(-dq~‘;q2),(q-2”f4;q2),~ 
(42; q2)J -ll-‘q-*“+3; q*),? 
(by [7, p. 97, Eq. (3.3.2.6)]) 
= 0, for n> 1. 1 
Of course, the above follows our prescription in the introduction for 
finding q-analogs. However, once such results are found we may naturally 
ask for an alternative combinatorial treatment. 
Secorzd Proof Here we follow the lead of Garsia and Milne [5] by con- 
structing a weight preserving, sign reversing Involution on a class of pairs 
of partitions. 
We define (using the notation of Theorem 1) ,?JQl, m) as the set of all 
pairs of partitions (n, $), where XE P,, 9 E P,, C(n) +Z(t,b)=m, 
#(x1+ #($)=n, # ,(n)+ # ]($)= 1. From Theorem 1 we see that 
,~~~~(l-‘.q)~~~,(n,q)(-iq)‘- c 2q” c (-l)#Cn). 
l>O (n,lir)E~n’,(‘,m) 
m>O 
To conclude this proof we need only provide an involution on Pn(Z, m) that 
maps the partitions (n, $) with # (n) even onto those with # (71) odd. 
The invalution works as follows: identify the smallest part Y > 1 appear- 
ing in either 71 or $ and then move it to the other partition in such a way 
that the resulting pair (n’, I/I’) is still in gn(l, m). Obviously if r appears in 
582a/44/2-7 
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only one of 71 and $I then deleting one appearance of it where it is and 
inserting it once in the other partition is clearly legitimate. Suppose r is odd 
and appears in both z and $. Then we cannot add another Y to @ without 
violating the condition I+V E P, . Hence if r is odd and appears in both 71 and 
tj then we must delete it from $ and add a further appearance of it to R. 
Similarly if r is even and appears in both rc and $, then we must delete it 
from n and add it to II/. The above construction shows that our mapping is 
indeed the required weight preserving, sign reversing involution. Hence 
c (- l)#(+-0, 
(rr,i) E p,(l.wl) 
and again we have (4.1). 
Note that our argument fails in the cases p1= 0 or 1 for in these cases 
above the smallest part r > 1 does not exist. 1 
THEOREM 3. Let C,(q) = 2q/( 1 + q) and 
k=l 
(4.2) 
then 
(l-q) 2n-2 
Cfz(q) = (1 -q”) 
L I 
(2q)2”- ’ 
n- 1 l-4; 4M--4; 9L1’ (4.3) 
ProoJ: We note that the expression in (4.3) is -22”- %,,( - 1, q). This is 
-+ when n = 0 and 2q/( 1 + q) when n = 1. Consequently (4.2) is merely 
(4.1) multiplied by 2*“-* with ;1= -1. 1 
5. CONCLUSION 
An important lesson to be drawn from this paper is that each approach 
to q-analogues has its own merits. Perhaps the reason that the results in 
this paper had been previously overlooked is that the Lagrange inversion 
technique provided insight for q-analog constructions, and generating 
functions appeared “ad hoc.” The correct interpretation of this state of 
affairs is not that generating functions are inadequate and inferior but 
rather that they should be studied in the context of a well-developed and 
sophisticated framework such as (in this instance) hypergeometric series. 
Finally we may ask for a natural in,terpretation of C,(q) that yields 
C,( 1) = C,. This is a somewhat value request since we, of course, have a 
q-CATALAN NUMBERS 213 
combinatorial proof of (4.1); however, the specialization of (4.1) to obtain 
Theorem 3 leaves us with the hope that there may be a more transparent 
explanation. 
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